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BHT gravity

» Recently, Bergshoeff, Hohm and Townsend (BHT)
proposed a parity conserving theory of gravity in three
dimensions (3D), defined by adding certain
curvature-squared terms to the Einstein-Hilbert action.

» With the cosmological constant Ay, 0 = +£1 and
a = 1/16xG the action takes the form:

1 .3
I:a/d3x\/§<aR—2Ao+mzK> , K= RURU_ng'

where Rj; is the Ricci tensor and R the scalar curvature.
» When BHT gravity is linearized around the Minkowski
ground state, it is found to be equivalent to the Fierz-Pauli

theory for a free massive spin-2 field. The theory is
ghosts-free, unitary and renormalizable.
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BHT gravity

» The overall picture is changed when we go over to the

(A)dS background, where various dynamical properties,
such as unitarity, gauge invariance or boundary behavior,
become more complex.

The particle content of the BHT gravity depends on the
values of coupling constants. Maximally symmetric
vacuum state defined by Gj = A , where A the
effective cosmological constant, solves the BHT field
equations if A, solves a simple quadratic equation:

A+ 4mPo Aoy — 4mP Ay = 0.

For Ag/m? = —1, two solutions for A coincide, and we
have a unique vacuum state. In that case, one finds an
extra gauge symmetry in the linear approximation, and
massive modes become partially massless.
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BHT gravity

» Dynamical characteristics of a gravitational theory take a
particularly clear form in the constrained Hamiltonian
approach.

» Analyzing the nature of constraints in the fully nonlinear
BHT gravity, we discovered the special role of an extra

condition:
00

G
QP =0g®+ 5 5 #0.

which, when applied to a maximally symmetric solution,
takes the familiar form Aq/m? # —1.

» In the region of space where Q% =£ 0, the resulting theory
is found to possess two Lagrangian degrees of freedom,
which corresponds to two helicity states of the massive
graviton excitation.
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BHT gravity

» We extend our investigation to the critical point

Ag/m? = —1 in the maximally symmetric sector of the
theory, by studying the canonical structure of the BHT
gravity linearized around the maximally symmetric
background.

Analyzing the constraint structure of the linearized theory,
we construct the canonical generator of extra gauge
symmetry, which is responsible for transforming two
massive graviton excitations into a single, partially
massless mode.

By comparing these results with those obtained
nonperturbatively, we can understand how the canonical
structure of the BHT gravity is changed in the linearization
process.
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Notations and conventions

» Our conventions are as follows:
» the Latin indices (i, /, k, ...) refer to the local Lorentz frame,
the Greek indices (u, v, A, ...) refer to the coordinate frame,
and both run over 0,1,2;
» the metric components in the local Lorentz frame are
nj = (+, —, —); totally antisymmetric tensor £/ is
normalized to 912 = 1.
» Our notation follows the Poincaré gauge theory (PGT)
framework in 3D:
» fundamental dynamical variables are the triad field b’ and
the Lorentz connection ' (1-forms),
» T'=db + e wibx and R" = dw' + J&'jw/wk are the
corresponding field strengths, the torsion and the curvature

(2-forms),
» the relation to the standard 4D notation is given by
Wl = ek R = —l R,
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First order formulation

» The BHT massive gravity with a cosmological constant is
formulated as a gravitational theory in Riemannian
spacetime. Instead of using the standard Riemannian
formalism, we find it more convenient to use the triad field
and the spin connection as fundamental dynamical
variables.

» The description of the BHT massive gravity can be
technically simplified as follows.

(a) We use the triad field b’ and the spin connection «' as
independent dynamical variables.

(b) The Riemannian nature of the connection is ensured by
imposing the vanishing of torsion with the help of the
Lagrange multiplier X' = X', dx*. o

(c) Finally, by introducing an auxiliary field f' = f',,dx*, we
transform the term K into an expression linear in curvature.
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First order formulation
: :

» The Lagrangian is given by:
, 1 o 1 ,
L=a (ZO'bIR,‘ - §A0€ijkblblbk + FLK) + )\IT,'7

. 1 . .
_ D.fi R ) i\ _ ~
Lx = Rif Vi, VK.——4f, (f fb)—VKE,

where f = K, and ¢ = b°b'b? is the volume 3-form.

» Variation with respect to basic dynamical variables yields
field equations, which imply that spacetime is Riemannian
and:

2a
fi=2Lj,  Xj=_5Cj,

where L; and C; are the Schouten and the Cotton tensor:

]
L= Rij— iR, Cj=e""VmlLp;.

: :
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First order formulation
:

» Basic field equation of BHT gravity takes the form:
1
UGij—Aonij— WK” =0,
where Kj := Tjj — 2(VmCijy)e™"; and Tj is the
energy-momentum tensor associated to L.

» An important set of algebraic consequences of the field
equations reads

fu =1,

vy
A = Aup s A=0,
of +34p + om 52Vk=0.
» The last consequence represents trace of the basic field

equation.

Extra gauge symmetries in BHT gravity Institute of physics, Belgrade




Introduction Lagrangian dynamics Canonical analysis Concluding remarks
0000 000 000
o ° o

[e] o
o

:
Linearized equations of motion

» Introducing the notation Qa4 = (b',,,w’,,, f',, \,,), we now
consider the linearized form of the theory around a
maximally symmetric solution Qg, characterized by

Gj=Aernj,  Pu=—debl,  X,=0,
» The linearization is based on the expansion
Qa= QA + CNDA ,

where EJA is a small excitation around Qa.
» The trace of the basic (linearized) field equation reads:

Akt \ 7 4 (3 s

» For the critical value of parameters, Aq + 20m? =0
(Ag/m? = —1), this equation is identically satisfied.

:
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Extra gauge symmetry

» When we have a maximally symmetric background, the
critical condition implies that the massive graviton of the
linearized BHT gravity (with two helicity states) becomes a
(single) partially massless mode; simultaneously, there
appears an extra gauge symmetry in the theory.

» By a systematic analysis of the related canonical structure,
we discover that this symmetry has the following form:

oeb, = €b,,

65(1}’# = —5”’([_9/“/_7;(”@,,6,

Sefl, = —2V,(A"V,€) + Aegreb',,,
SeX, = 0,

where ¢ is an infinitesimal gauge parameter.
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Hamiltonian and constraints
: :

» The primary constraints are given by:
qb,'o::Tr,‘O%O, ¢, =T —60aﬁ)\g 0

y
(D,'O = I'I,-O ~0, o*=n“ 23500(,8 (O’blg + 5 2",5) 0
P ~0, P/ ~0.
» The canonical Hamiltonian can be conveniently written as:
He = bloHi+w'oKi+ floRi+ NoTi + WbVK,
Hi = —glaB (aUFﬁag — a/l0€,'jkb/abk5 + Va)\,'g) ,

Ki= —g0ab (aUT,ag +— V fig + E,jkb’ 2K )

Oc 1 O«
Ri= -0 9 Ry, 77———5 B Tias
2m?
: e :
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Hamiltonian and constraints
: :

» Going over to the total Hamiltonian,
Hr = Ho+ U " + V0 + W pt + 2, P

we find that the consistency conditions of the primary
constraints 7;%, N2, p;° and P,° yield the secondary ones:

~ a
H; ::H,-+Wb’r,-°zo, Ki=0,

A a
Ri =R+ mb(f,-0 — % ~0, T ~0.
» Tertiary constraints read:

e,ur/ = f;u/ - fuua ww/ = )‘;u/ - )\Vu )
while quartic are given by:

1
X =A~0, ¢:=0f+34+ 5 5Vk=0.
: 2m :
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Hamiltonian and constraints
:

» The consistency condition for the quartic constraint ¢ has
the form:

{p,HT}; = QWZ,IW ~0,
1
Q= 0g + o (P —1g™)
where z/y' == z/g — fix Uk
» This relation determines the multiplier z;,, provided the
coefficient Q% does not vanish.
» The total Hamiltonian can be expressed in terms of the first

class constraints (up to an ignorable square of constraints)
as follows:

Hr =boHi+w'okj + uom® + vioN°,
where 7% = 70 + \;p/° + f;PI0
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Classification of constraints

» The complete classification of constraints in the reduced
space R, defined by second class constraints
(#i% &%, pi, Pi) is:

First class Second class

Primary 7%, N0 p°, P°
Secondary  #H;,K; T R

Tertiary 008, 0ap, Vos, Vas
Quartic X ¥

» The number of independent dynamical degrees of freedom
in Ry is N* = 4 and the theory exhibits 2 local Lagrangian
degree of freedom.
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Canonical structure of the linearized theory at the critical point
: :

» At the critical point complete classification of constraints in
Ry is given by:

First class Second class

. ~ N = = ~ =
Primary 797,00, P00 B0 pad

Secondary  H!,K;, R% Ti, R
Tertiary Vags o Oas Yo
Quartic X
where 7:[; = 7:[,' — Aeff,]/?\,j, 7/?\,00 = /_7,'07%" — Ei0§ﬂ(5i0ﬁﬁ0)_
» We obtain that the number of physical modes in the phase
space is N* = 2, and consequently, the BHT theory at the
critical point exhibits one Lagrangian degree of freedom.

: :
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Extra gauge symmetry
:

» The presence of an extra primary FC constraint P% implies
the existence of an extra gauge symmetry. Its canonical
construction is simplifies in the reduced phase space R»:

RQZ gﬂoE?ﬁo—?oﬂZO, IBBO:O,

to eliminate the variables f5 and P,

» Castellani’s algorithm leads to the following canonical
generator in Ry:

Ge = 2% 1 ¢ [~2RY 1 2(HOT6H)P + <Dty
+€ [80aﬁ5ia5\,‘5 + ﬁoo - 6,'/'k@a(/_')ia510ﬁko) + 2V R
—2V4 (A PPV ob'o) + Aeit Goo ﬁoo] :

:
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Concluding remarks

» The canonical structure of the BHT gravity at the critical
point Ag/m? = —1 does not remain the same after
linearization.

» We are led to conclude that the canonical consistency of
the BHT gravity, expressed by the stability of its canonical
structure under linearization, is violated at the critical point
Ao/m2 =-1.

» It is interesting to examine whether the partially massless
modes exist within R 4+ T2 + R? Poincaré gauge theory.

» Preliminary results for spin 0" mode show that at the
critical point theory is canonically consistent.
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