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Open string in the weakly curved background

Outline

> action describing the propagation, equations of motion,
boundary condition

> weakly curved background

» canonical method

» bounary conditions as Dirac constraints

» infinite number of constraints

» gathering into o-dependent constraints

» looking for the compact form of the o-dependent constraints
» solving constraints

» effective theory on the solution

» non-commutativity of the space-time coordinates
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Action

> open string propagation

Ox* Ox¥ =

\/— #u[ ]} 6€°‘ 8567 = _1)

s [ dev=g[5e" Guldlt=

» conformal gauge 8o = €Fnup
» minimal action principle
> equation of motion  X* = x"* — 2B#, XxVx'P
Buvp = 8# B, + dy Bou + ap By
» boundary condition
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Weakly curved background

>

consistency of the theory implies conformal invariance on the
quantum level
space-time equations of motion

1
R — ZBupoBypa =0
b,B", =0
solution
Guv[x] = const
1

3
b, = const, B,,, = const

B, [x] = by + = Bupx”

we choose infinitesimal B,,,, and we work up to the terms
linear in it
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Boundary conditions as constraints

)

> the explicit form of the constraints on the equations of motion

» Dirac constraints conserved in time v, =/~ 1 (n>1)

n—1 n—1

2 k- ok
,Y;ZLn:,yl(LZn)_g O‘én(Qﬁ)Qn 2k 1)+4bpyzal2(n(le)(2n 2k—2)
k=0 k=0
k k— k)
,Yin+1_,yu2n+1 Za2n R (2n—-2 1)—|-4b Za2n+2(Q )2n 2
k=0

» auxiliary functions
Yo = GWX'” — 2B x", Ay = Gux" — 2BWX'”,
Q;Z - pr( v (”+1) R;’Z = B, [X(n+2)vx(n+1)0 + k(n)V)'((nJrl)P}

a§n=(—4>k(k_’;1), k=0 n-1
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o dependent constraints

> we treat constraints with even and odd indices separately

S 0 0_2n ) A oo U2n+1 _—
r Eg " =0, I Eg " =0
#(7) 2 @2n) ¥ om0~ wto) Zs@n+ 1)1 " om0

> keeping in mind the explicit form of the constraints, the
o-dependent constraints will have the form

(o) = 'yﬁ(o)—§r8(a)+4b“’jl:5(a)

MA0) = o)~ 2TE(0) +45,/T9(0)

) © 20+l (ni1)
~ n
-0’ '7# (U) Z (2/7 + 1)IPYM o=0

= n=0
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o dependent constraints

rg _ Z Z 2n ok ( )(2n 2k—1)

k=0 n= k+1 o=0
R — Z Z o (Rk)(2n 2k— 1)‘
o 2n -
k=0 n= k+1 2 +1 0
ER RkY(2n—2k-2)
ru - Z 2n 2n ) =0’
k=0 n= k+1
e e Y’ K\(2n—2K)
Fo = S n- (
DY) P

%note that we have inverted the order of summation
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o dependent constraints

» after nontrivial calculations the explicit expressions for these
four functions was obtained

80) = B[ @9+ 337

Mi(o) = %BWP /0 ’ dn[q””q +Q”q’p]

FE(U) = Bm,p[%q’l’g,ﬂ+1Quap}

0 = By @] @)= [ o)

> where we separated even and odd coordinate parts

O.2n+1

[oe) 2n o
B r) — gt Sl ) — g (@n)u (2n+1)p
(o) = ¢ (0)+a"(0) = D 2~ ‘°+nzzo @n+ 1)1~ 0

n=0
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Compact form of the constraints

_w 2 - 1., 3.v_
ri(O') = G;wq/ - 2bw/q - §Buvp [q qp + EQ q/p + Eq qp}
+ 2bBy |7 + Q5]
=V v 2 v 1 v 3 V=
M) = Gud - 2b,wq’ — SBun|d" " + 5Q°4 + 23" 7|

+ 25 Bup [QP }

u]
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Compact canonical form of the constraints

2
S _ E —Iv v
ru(a) - G,ul/[q]q/ _EBM [q]pl/
/
+ [ — 2(bh + hb) + 6h[bg] + 24bh[bq]b] g
uv
v
- l[h—lzbh[bqﬂ P,
3 61, v
- [h+4bh[bq]} Pu+ F[bh[p]]y P,
Gr(G,B) = Gu —4Bu,(G ) B,y
1

hwlx] = 3 X’y = hulql, EHVEhW[Z]]

Pu(0) = /0 " dnpa(n)
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Compact canonical form of the constraints

=

o) =

>

+ 12bhb + 4h[bg]b — 12bh[bg]| §"
uv

[31977 v h[ba]] :p,,

TINTIN TR

_ v 1 »
(355 — hlbal| P — PP,

1

huw[x] = gBlprp’ hyw = 3]

P.(o) = /0 Udnpu(n)
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Solving constraints iteratively
» zeroth order in B,
v v 2 — —I\ov
G = —O5"pe 0" =——(871)"b(CTT)
p, = 0

> symmetric constraint on the zeroth order solution

r5(0) = GLlal[@" + 0"lalp, + SX""ldlP]

Gu(G.B) = Gu —4B,p(G ) Boy

#(6.8) = —2[Ge(6.B)] B (6 )

Nq] = 9“”[q]¢g(GEI)"”[bq]
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Solving constraints iteratively

> antisymmetric constraint on the zeroth order solution
o) = 1p h{6oP)00 — 2 bh[8oPlg
f0) = SBu+ | hloPlo — bhifoPlg

1 4 6, v
+ Shig 'Plg !+ —bhlg 'Ploo| p,
K K w

w = Guw— 4bup(G_1)pabav
1
hwlx] = 3 X
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Constrained space-time coordinates and momenta

» on the solution of constraints Fﬁ(a) =0 and I'ﬁ(a) =0,
up to the terms linear in B, we have

x'(o) = (o) +73"(0)
= ¢'(0) - /0 dn[H"”[q(n)]pu(n)Jr%/\'i‘”[q(n)]Pu(n)]
Tu(0) = pu(o) + Pulo)

= put [Gb‘lﬁlao]g‘l}:py

50{d0] = 2[ ol 362 h{ao]—  bhlb™ 3ol +36%h{b qole]
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The effective theory in terms of the effective variables

w=

Seff = /dT/:; do[m,x" — Hc(x, )]
= / d¢ |pug — HE (a.p)|

P}
1

N K v
H(a,p) = 5-pulGE')"lal P+ 54" G lal ¢

2q'" [(/_7 + 4b77b)g_1} :pl,

The effective theory (and consequently the effective Hamiltonian
HEM (g, p)), should depend on the effective variables g*, p,, in
exactly the same way as the original theory (the original
Hamiltonian H(x, 7)) depends on original variables x*, 7,,.

%1 means the integration over o in the interval [—m, ]
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Initial versus effective theory

> looking at Hamiltonians
» the canonical variable transition

xtom, — gt py
» the background transition
Gw — Gilal=Gilal

Buld — (F+4bhb),, = —7 |80 [~00P] —05")g]
= B[00 P

> looking at Lagrangians
» effective Lagrangian

K. Ly v e 3 AV
£7(q) = 54" G [q)g" — ”‘G Llala” + 25q™ BT [2bQ14
» transition

XM= g, Gu — Gilql,  Bulx] = B [2bQ)
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Effective Kalb-Ramond field

» the effective Kalb-Ramond field depends on the Q-odd
variable Bﬁlff[c—]o]

» we consider only the zeroth order value E]g, because g*
appears only as an argument of the infinitesimally small field
Bfuff

> gh = —2(G~1h)*,Q in the Lagrangian approach

» the zeroth order equation of motion 0;9_g* =0

» the solution g#(c) = f*(ot) + fH(07), (6 =T+ 0)

> g'(o) = f*(oT) — fH(o7)

> Q(o) = Fi(o") = F(o7) = 3(0)

» GH(o) is T-dual coordinate



Open string in the weakly curved background

Effective theory once again
» on the solution of the constraints the zeroth order space-time
coordinate can be rewritten as x* = g + 2(G~1b)",q”

> the effective metric depends on the first term g and the
effective Kalb-Ramond field on the second term 2bg

> we can formally rewrite both the effective Hamiltonian and
the effective action, as if the effective background fields
depend on the same argument

4 1
He™ = [ dol 5 pu(Gaty N, + 5 GEl X"
fF —1\pv
24" BEN1xI(G )",

e " 1 (03 e (0% € v
st — l{/dT/ do {57] 'BGH,Cf[x]+e BBﬂf[X]}aaq“f)ﬂq
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Non-commutativity relation for the space-time coordinates

(o) X (@) = 2[E(5) — E(0)]0(0 + 7)

~ 2 [/W(&) + /Vﬂ(a)] 0(c — &)

1 .. .
E[g.P] = SN[a) - 1™[P)
1 v 3 bl 14 v
= 50l = (G Iba] - 1P
1 1., 1
PP = S0Py — S0 [~00P] 4 S05 0N P,

» the term with 6(c — &) obviously does not contribute on the
boundary

» only the antisymmetric part of E#¥ contributes on the
boundary
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Removing the center of mass variable

1 s
X(0) = XMo) + X = [ doxt(o)
T Jo
» the commutation relation on the string end-points
4
{X1(0). X*(0)} = ~0"[q(0)] — —1¥T[oPer]

X (), X ()} = 0 a(m)] + S0P

1 K e
P = —/ da/ dnP,(n),
1% 7 Jo o M( )
1 ™ ™
epem — = [ do | dnP
w 7T/0 JL 77 u(77)
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Non-commutativity relation on the boundary

» the commutation relation on the string end-points explicitly

v v 3 v m 3 v m
H{XH(0). X¥(0)} = —0"[q(0)] — 50" 0P + S—Ocr 00 0P

3 v — loa — vo m
R (T R N (= R Y

3 3w
X)X ()} = 0 q(m)] 4 5 07O PET — 0 [~ 600 P
3 v — o —_1 Vo cm
N (e N (T R L

> the term 0"¥[q] is standard one

> the part of the second term has been obtained but only on the
boundary

» other terms are our improvement
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Non-commutativity relation on the string interior

H{XH(0), X"(5)} = 21V[P2(0,5)] + 21*)[P*(0, 5)]

Pilo,0) = 2Pu(0) [% - %] + %[OP,L(U) — OP;’”}

Pi(o,0) = 0, c=5#0,7

P(0,5) = PAU)—%[&F’M(&)—!—UP#(J)]

+ 2 [0Pulo) +oPu(@)] - 2 0P
Pi0,5) = —Pulo) — = [3Pu(@) — oPulo)]

+ 2 [oPulo) — oPu(@)]. 0>5
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Non-commutativity relation on the string interior

P(0.5) = Pﬂ(ﬁ)—%[ﬁpu((_f)—l-apﬂ(a)]

+ 2 [oPulo) +0Pu@)] — 2 oPE"
Pi0,3) = Puld) — - [oPul@) ~ oPul0)]
+ 2 [oPulo) —oPul@)], 5>0
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Canonical quantization

> the straightforward generalization of the standard
quantization procedure is not possible
» x* and 7, do not commute, but neither do the x*'s
themselves
> two possible rules of associating the operators
> first possibility
» we could consider the operator functions of coordinates and

momenta ?()?,7“7) and normal ordering among both x's and x
and 7



Open string in the weakly curved background

Canonical quantization

» second possibility
» consider the effective variables g* and p,, as fundamental
variables
> introduce some normal ordering :: for corresponding operators
g" and p,
» which defines X* and is not needed for 7,

x>
=
—
Q
N—r
Il

(o)~ [ an: [01a001B. ) + A TP

>
=
2

I

2b,(0) + |G Bl~00Pls ] "o
> now assign the operator : 7(§, p) : to any function f(x, ) by

7 A 7 PSP 1 LU TAT S
) = 7 {ar = [ doofomlalp, + 5N P,
0

2%, + [Gb*5l-0Ple "] "p}
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