Workshop on “Gravity: New ideas for unsolved problems”
Divcibare, Serbia, from 12 Sept. to 14 Sept. 2011

Is general relativity a gauge theory of the
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1. General structure of the Poincar € gauge theory
(PG)

Poincaré group P(1,3) = T'(4) € S(1, 3). The ‘gravitational’ potentials are

9 orthonormal coframe (weak gravity = 4 potentials)
e’ = _ppe Lorentz connection (strong YM-gravity = 6 potentials)

By differentiation, we find the field strengths

semi-dir. prod. str.

—_———
T = DY* =di*+ Tp* A9’ torsion
R = 4r* — 1Al =—-R°* curvature
N—_——

Lorentz gr. non-Abelian

The material currents of energy-momentum and spin angular momentum
(T, G,p) are coupled to the potentials (9, 1°7), respectively. As compared
to GR, the additional source of gravity is the spin current S.g = —G3a.
These 2 potentials span the geometry of spacetime: It is the Riemann-Cartan
spacetime U,. The corresponding first order Lagrangian gauge field theory is
called PG. Itis a framework for gravitational gauge field theories.
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Lagrangian:
I
Ltotal = V(gaﬁ ’ 19& 7TQ 7Raﬁ)+Lmatter (gaﬁ ) 19& 7\11 ’ D \II) .

Define the excitations (field momenta):

ov ov
H(\(*_Wy Huﬁ*_W7
Field equations:
DHo—~ta = %a (6/69°: 1st field equation of gravity) ,
DH.s—sap = Gap (5/61““’8: 2nd field equation of gravity) ,
g—é = 0 (6/6T: matter field equation)
(Einstein sector). Here energy-momentum and spin of the gauge fields are
ta = ea|V+ (ea T°YAHs+ (ea| R°)YANHpy,,
Sap = —ﬁ[a /\H,j].

Like in Maxwell and Yang-Mills, the gauge Lagrangian should be algebraic in
T and R*®. Then we find 2nd order PDEs. Moreover, they should be
quadratic in order to induce quasi-linearity of the PDEs (= wave type egs.):



2. Quadratic PG Lagrangian with even and odd
parity terms

3 6
] @ * 1 {e% *
Voo~ <a0R+A+Za<I)(”T A U)Ta) +—er(,)“>R P A*D Rag

I=1 I=1

1 2,3 | 3855
Z b X U)Ta/\(K)Ta - (DRaﬁ/\(K)Rm )
+H ( 0 +;U(I,K) + 1;4U(I,K) 8

Here X ~ €7* Rpijpy ~ P Rap A9 A9°. In Riemannian space, the whole
2nd line (the ‘shadow’ of the 1st line), with exception of (1, 1), vanishes.

W7 — tensor AT — vector, ~V, T — axial vector ~ A

MR —10Weyl, @R — 9 Paircom, ®R — 1 Pscalar X,
WR — 9 Ricsymf, (®R — 6 Riccanti, "R — 1 Scalar R.

Recently investigated by us:

Hojman et al. 1980
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3. Einstein-Cartan theory (EC)

Simplest Lagrangian
1 8 1ij 1
Vec ~ =19;%9,” RY, ~—R
EC H J ﬁ( ) %
Einstein-Cartan (EC) theory: GR plus an add. spin contact interaction,

Ric — %tr(Ric) ~ K X T ~ K X energy-momentum,
Tor+2tr(Tor) ~ kX6 ~kKX

Here Ric; := Rii;*, R := Ric;’, and & is Einstein’s gravitational constant
87G/c*. If spin & — 0, then EC-theory — GR, and RC-spacetime —
Riemannian spacetime. Thus, GR is included.

With & # 0, modified source of Einstein’s equation: p — p + k&% = at
sufficiently high densities kG2 ~ p =

Perit ~ ™/ <’\Compton£élanck) (result of spin-spin contact interaction),

more than 10°? g/cm?® or 10** K for the nucleon, /.y ~ 10~2% cm. Spin

cosmology, spin-driven inflation? For parallel Dirac spins, the contact
interaction is repulsive (O’Connell). The EC-theory is a viable gravitational
theory. Contact interactions in particle physics were searched for by
Ellerbrock, Ph.D. thesis DESY 2004. Nothing found so far. But for EC-theory
these experiments are not sensitive enough.



4. Teleparallel equivalent GR || of GR

Belongs to the class of translational gauge theories:

vy = Ly 4 RO A A\ (A\“s = Lagrange multiplier)
K
1
Vie = —1T%A *(f Wy, 42 O, 4= O, ) .
2 —— —— 2 e~
tensor vector axial vector

Viable set! Yields local Lorentz invariance = Einstein’s GR.
GR| ingauge I = 0, Weitzenbdck spacetime, field equation is Maxwell like
(Ckia ~ a[kqgi]a 4.0

%

D C*, +nonlin.terms ~ &k x Ta

09 +nonlin.terms  ~ & x T, (in Hilbert gauge)
Compare Einstein’s equation (gi; = g;i):
O gs; + nonlin. terms ~ « X t;;  (in Hilbert gauge)
For scalar and for Maxwell matter, that is, for T;; = t;;, it can be shown that

GR)| and GR are equivalent. This suggests already that the answer to the
title question should be affirmative.



5. Abelian and non-Abelian gauge field ths. comp.

With the excitatation H = H (D, H) and the field strength ' = F(E, B):

Maxwell: dH=3|, dF=0, H= 2—OF d3=0.
0
] A A A
Yang-Mills: DH=7|, DF=0, H=qaoF, DJ=0.

dH+ANH=3, dF+AANF=0, dIJ—AAT=0,

- A -
=—AANH, with 7:=7J+73 and dJ=0.

—

r
Poincaré: DHao—ta=2%], D T® = Rg™ A9,

I
Hyo = Ho(T",R), D %= (easT?)ATs+ (eauR") A Spy:

I I ap
DHaﬂ_Sud:Glxﬁ 5 DR :()7

I
Hop = Hos(T",R™), D Gus—Va A5 =0.
Translational and rotational gauge currents induced by the universality of

gravity. The gauge potentials ¥ and T'*? carry tensorial charges ta, 545

The Yang-Mills potential A carries also an own isospin current, namely 7, but

it is not tensorial.
[o]



Schematically, it looks as follows:

Maxwell:
d| field strength] ~ -current.
Yang—Mills:
6 [ field strength] ~ -current.
Poincaré:

I
D [transl. field strength] — transl. gauge current ~ transl. current,
N
D [rotat. field strength] — rotat. gauge current ~ rotat. current.
Einstein-Cartan (as degenerate PG):

rotat. field strength ~ transl. current,
transl. field strength ~ rotat. current.

lhs-first(ol, I',9) ~ %,
lhs-second(99,¢,T') ~ &.
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6. EC-theory and the Freud superpotential  F,

EC is in many respects degenerate, see last slide. A contact interaction must
become of finite, if very small range = massive Lorentz gauge bosons,
compare Fermi’s weak interaction theory and the W and Z.
Field equations of EC are algebraic in R*? and T, respectively. In spite of
this, we want to try to put them in a form reminiscent of Yang-Mills type field
equations (k = 1):

Go = 1nap, AR = T, — dFs —te = %o,
Einstein 3-form

Pap = 1inapy NT" = Gap = d(37as) — ap = Gag.
Palatini 3-form

The n-basis is defined in the conventional way: If we take the interior product

, of an arbitrary frame e, with the metric volume element 4-form n, then we
find a 3-form n,; if we contract again, we find a 2-form 7.z, etc.:

Na = €ad) = ENapys 9P A9 AY° ,
NaB = €3Ma = L Napys 97 A 195 ’
5
Napy = €yMag = Napys V",

NaB~s €5 Mapy = €516y 13 I I .
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The coframe 9 is dual to the frame e, that is, e,_9° = §2. We need also
the exterior covariant derivatives of the eta-forms:

Dna = T° A Nas
Dijag = T° Anags
Dijagy = T° AMapys ,

Dnagys = 0.

If one desires to introduce a superpotential a la Freud (1939), then one has to
substitute R?” into the 1st field eq. and one of the above formlas into the 2nd
field eq.:

1 Tagy A (dFﬁ” TP A r(ﬂ) To,
1 Dnag = d(inap) + T Angly, = Gag.

We partially integrate the first term and find immediately,

1
(dnapy) AT = 2 thagy AD® ATSY = Ta

N =

1
d(_gnaﬁw/\rﬁv)"‘

—_———
Fai=
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We define the Freud superpotential 2-form F and the 3-form ¢/, as

]:u

—1
2
/
pp— —1
th = —1

Nap~y A Fﬁ,\/ ’
(dnapy) A o7 4 $Nafy N T2 AT

We recall Dnagy = T A Nagyu- AS a consequence
dnjapy = 3F[a6 A 77[3”7](5"’T(S A Mo -
After some algebra we find eventually
th = Ngyia ATs)” AT — L1japs TPV AT

Then we can rewrite the 1st and the 2nd EC field equations simply as

dFo —th =%a |, ‘ d(Lnap) + T Angly = Gag |-

This is the quasi-Yang-Mills or quasi-PG form of the field equations of the
EC-theory (Why only quasi? Do you know?...) As before, we define the
energy-momentum and spin complexes

Lo =t +%a, Gap =T Angly +6Gas .
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Consquently, we find energy-momentum and angular momentum laws
AdFa=%F0,  d(3nas)=6a Wwith d¥,=0, dS,.s=0.

The plan of my seminar is to concentrate on GR. We could go on also in the
EC context, but most of you are probably mainly interested in GR. For now on
we put the matter spin to zero: S,g = 0!. Thus, torsion 7 = 0 in my future
considerations.

The appearance of F, is the same as before, but the connection is now a
Riemann/Levi-Civita connection I'*%. Hence d F,, — t,, = T4 With

Fo = —1Napy A fﬂ'y = 1 Fika dz’ A dz® s t/a = NBryla N fg]ﬁ A fé’y .
Freud found his superpotential® in 1939 as the affine tensor density
| o ok o |
AT =4 g” g™ @ =AY
Cow Tou Thu

Fire = —Frio and A, are, apart from conventions, the same quantities.

1Ph. Freud, On the expressions of total energy and total momentum of a
material system in general relativity theory (in German), Annals of
Mathematics 40, 417-419 (1939).
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7. Transform the Freud superpotential  F, into *C*

We want to show that the Einstein equation is a translational gauge field
equation. We eliminate now the connetion in terms of derivatives of the
coframe and the metric. We recall the object of anholonom(it)y C* := dd¥“:

~ 1 1
Tap = §dgag + (e[aadgp)y )07 + e[qCg — §(eaJ6,@_|ny)’L9’Y.

We used orthonormal frames; then, the first two terms on the rhs vanish.
Accordingly, the Freud’s superpotential becomes

Fo=—ina"" A [eﬁ—‘cv - %(eﬁJevJC«S)ﬁé]
Taking this is consideration, the Einstein equation d F., — t;, = T4 is a 2nd
order PDE in the 9 = 9;%dz". Since 9¥“ is the translation potential, we found

a Yang-Mills type equation for the translational potential. And this is what
Einstein’s equation is.
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A Yang-Mills type equationis dH — t’ =T, with H ~ *F. Our translation field
strength here is C* = d9% = 1C“ dz* A dz". This 24 component quantity
can be decomposed into 3 irreducible pieces:

Ca _ (I)Ca + (2)Ca + (J)Ca

with 16 + 4 4+ 4 components, respectively. In SU(2) Yang-Mills the field
strength is irreducible!

Purely gemetrical manipulation yield, after some heavy algebra, the formula
(the overall sign needs to be rechecked!):

Foi=*(=MCa +2P0C, + 1 P0,).

Our end result is then the Einstein equation written in coframes:

" (-VCa+2PCa +39C) — th = Ta.

All the 2nd derivatives of the coframe are contained within the parentheses
(). It can be shown that ¢,, corresponds to the tranlational part of the PG
energy gauge current ¢, defined on slide # 4. All the derivations leading to
our end result have been exact; there was no approximation involved.
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8. Discussion

» Yes, GR is a translational gauge theory in disguise.
» Questions?
» Thank you for your attention and your patience!

» Milutin, all the best to you and your family and remain
healthy and active in 3d and 4d!

Soli Deo Gloria
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