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Spin systems

[ Model || Quantum R(),7)-matrix | Algebra \
XXX rational Yangian Y(s/(2))
XXZ trigonometric quantum affine algebra 1/,(s/(2))
XYZ elliptic elliptic quantum group &, ,,(s/(2))
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Sh-invariant r-matrix

Using the standard sk generators (h, X*)
[h, X¥] = £2X*, [X*,X"]=h,
and the quadratic tensor Casimir of sk

g =hoh+2(X* X +X ®X7)
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Sh-invariant r-matrix

Using the standard sk generators (h, X*)
[h, X¥] = £2X*, [X*,X"]=h,
and the quadratic tensor Casimir of sk
g =hoh+2(X* X +X ®X7)
one can write the sh-invariant r-matrix

A—
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sh r-matrix with a Jordanian deformation

The sh-invariant r-matrix with an extra Jordanian term is

C®
r(pv) = —2—+¢éheo Xt — Xt ®h).

HW—v

It can be obtained as the semi-classical limit of the Yang R-matrix
twisted by the Jordanian twist element

F=exp(h®In(1+6X")) e U(sl(2)) ® U(sl(2))

which satisfies the Drinfeld twist equation.
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Deformed sk r-matrix

We will consider the sh-invariant r-matrix with a deformation
depending on the spectral parameters

&

Af,, +E(h® (Xt —(AXT)®h).

re(A, p) =
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Deformed sk r-matrix

We will consider the sh-invariant r-matrix with a deformation
depending on the spectral parameters

®

2 j+£(h®(uX+)—(/\X+)®h).

re(A, p) = -

The matrix form of r¢(\, 1) in the fundamental representation of sk is
given explicitly by

S Y
0 _ 1 2 /\f
A—p A—p
I’g()\,lj,) - 2 I y:
A—L A—p
0 0 0 /\l#

here X\, u € C are the so-called spectral parameters and £ € Cis a
deformation parameter.
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L-operator

The next step is to introduce the L-operator of the Gaudin model

h(\)  2X—()\)
L(A)_<2x+(x) h(A))

the entries are given by
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L-operator

and w;‘a> is an irreducible representation of sl whose representation
space is v§‘a> corresponding to the highest weight ¢, and the highest
weight vector w, € Vi, i.e.

Xfwa=0 and hyw, = law,,

at each site a=1,..., N. Notice that ¢, is a nonnegative integer and

the (¢; + 1)-dimensional representation space Va(,e"*) has the natural
Hermitian inner product such that

XH)'=X;, (X;)'=X; and h;=h,.

The space of states of the system H = me R V,ﬁfN) is naturally
equipped with the Hermitian inner product (:|-) as a tensor product of

the spaces V) fora=1,...,N.
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Sklyanin Linear Bracket

The L-operator satisfies the so-called Sklyanin linear bracket

L), 50| == 000 1)+ 400

Both sides of this relation have the usual commutators of the 4 x 4
matrices 1L()\) =L(\)®1, é(“) =1® L(p) and re(\, 1), where 1 is the

2 x 2 identity matrix.
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Gaudin Algebra

The relation above is a compact matrix form of the following
commutation relations

X~ X~(1)] = ~€ (X~ () ~ AX (1)
)X ()] = == g,
X+, X(u)] =0
L R e R}
XHO) = X+ (1)

(A, X ()] = 27— =7
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Gaudin Algebra

In order to define a dynamical system besides the algebra of
observables a Hamiltonian should be specified.
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Gaudin Algebra

In order to define a dynamical system besides the algebra of
observables a Hamiltonian should be specified. Due to the Sklyanin
linear bracket the generating function

t(A) = % trl2(X) = BP(X) — 20 (A) + 2 (2X~(A) + €X) XT(N)

satisfies
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Gaudin Algebra

In order to define a dynamical system besides the algebra of
observables a Hamiltonian should be specified. Due to the Sklyanin
linear bracket the generating function

1 trL2(A) = P(\) — 20/ (\) + 2 (2X~(\) + €X) XT ()

() = 5

satisfies
t(A) (k) = t(p)t(N).

The pole expansion of the generating function t(\) is

N (ta(ta+2) 2H@ N
t(A)Z((( *2) )+25( )Xo +6% Y ZazoXd X,

A—2)2  AN—2Z
a=1 a) a a,b=1
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Gaudin Model

The residues of the generating function t()\) at the points A = z,,
a=1,...,N are the Gaudin Hamiltonians

N
(a) _ c(a, b) £ a
H bia (Za = +¢& (thaXb Zahp X ) ,

where cx(a, b) = hahy + 2(XFT X, + X5 X.).
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Gaudin Model

The residues of the generating function t()\) at the points A = z,,
a=1,...,N are the Gaudin Hamiltonians

N
(a) _ c(a, b) £ a
H bia (Za = +¢& (thaXb Zahp X ) ,

where cx(a, b) = hahy + 2(XF X, + X5 X;'). In the constant term of
the pole expansion the notation

N
Y(g/) = Z Y37
a=1

for Y = (h, X*), was used to denote the generators of the so-called
global sk algebra.
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Gaudin Model

The residues of the generating function t()\) at the points A = z,,
a=1,...,N are the Gaudin Hamiltonians

N
(a) _ c(a, b) £ a
H bia (Za = +¢& (thaXb Zahp X ) ,

where cx(a, b) = hahy + 2(XF X, + X5 X;'). In the constant term of
the pole expansion the notation

N
Y(g/) = Z Y37
a=1

for Y = (h, X*), was used to denote the generators of the so-called
global sk algebra. In the case when ¢ = 0 the global sk algebra is a
symmetry of the system.
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Gaudin Model

Finally, it is important to notice the following relation
t(A) = t(A)o +2€ < (Ao Xgl) + Xy — h(gl)X+(/\)) + 4 (9/))2
where X Za 1 ZaX+, h()\)o = h()\)|§:0 and t()\)o = l‘()\)k:o is

the generatlng function of the integrals of motion in the sk-invariant
case.
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Highest Spin Vector 2.

In the space of states 7 the vector

is such that (2, |Q2.) =1 and
XT (N2 =0, h(NQ: = p(N)Q4,

with
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Creation Operators

The creation operators used in the sh-invariant Gaudin model
coincide with one of the L-matrix entry. However, in the present case
these operators are non-homogeneous polynomials of the operator
X~ (X). ltis convenient to define a more general set of operators.
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Creation Operators

The creation operators used in the sh-invariant Gaudin model
coincide with one of the L-matrix entry. However, in the present case
these operators are non-homogeneous polynomials of the operator
X~ (X). ltis convenient to define a more general set of operators.
Given integers M and k > 0, let . = {u1, ..., uu} be a set of complex
scalars. Define the operators

M-+k—1
k _
Bﬁ/(u): H (X (,Unfk+1)+nf,unfk+1>a
n=k
—

with B{*) = 1 and B{}) = 0 for M < 0.
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Classical r-matrix
Deformed Gaudin Model Gaudin Algebra
ABA

Creation Operators

The commutation relations between the operators h()\), X*(\) and
the B,(V’,‘)(m, ..., um) operators are given by

k
A up®) - By (1)
A — W

h(N)BY (1) = BY )+ 22

+£Z By (u? </1,,-§M(/,,,-; pl) — 2k>;
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Classical r-matrix
Gaudin Algebra
ABA

Creation Operators

X*(\)Bi (1) = B (u
M

- Z B k+1 /

X~ (NBY (1) = By, (A
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Classical r-matrix
Deformed Gaudin Model Gaudin Algebra
ABA

Creation Operators

The notation used above is the following. Let o = {p1,..., unm} be a
set of complex scalars, then

gl = g\ i i d

for any distinct iy, ..., ik € {1,...,M}.
It is important to notice that the creation operators that yield the

Bethe states of the system are the operators ng,”(u), below denoted
by Bu(p)-
A recursive relation defining the creation operators is

Bu(p) = Bu—1 (™) (X~ (um) + (M = 1)pm) -
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Classical r-matrix

Deformed Gaudin Model Gaudin Algebra
ABA

Creation Operators

The commutation relations between the generating function of the
integrals of motion {(\) and the B-operators are given by

t(\)By () = By(re) | t(N) f: 4h(%) +EM: 8 +aMex XT(N)
K) = Bu(p -
" " = AT B g (Af,,,)(xf,ﬁ

M By(xu p®)y
+43> %¥3M(ftf:u</))
1

M
+2¢ Z BE\)]),1 (“(/))(#/h(k) A 1)3M(;L,; y,('))
i=1

L ovupl) — BY) ()

B n)

4 M
+4€ > u
i,j=1
I

A= uj

M Lo N .
+ &5 B L) <#/3M—1(MI? pl)y — 2) Bu(ui )

M .
+262 3 128 (D)Xt (). (In.1)
=il
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Spectrum and Bethe vectors of the mode

The highest spin vector Q. is an eigenvector of the operator {(\)
HA)Q = (FP(\) — 20/ (A) +2 (2X 7 (A) + &N XT(N)) Q4 = Ao (M)

with the corresponding eigenvalue

N N
No(A) = (V) =20/ (\) =D \ _22 (Z Zga_zbe) 2 é(ak([fj)i)
& b#a a @

a=1
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Classical r-matrix
Deformed Gaudin Model Gaudin Algebra
ABA

Spectrum and Bethe Vectors of the Mode

Furthermore, the action of the B-operators on the highest spin vector
Q, yields the Bethe vectors

Vi(p) = Bu(p)S+,

so that

HA)Vm(p) = t(A)Bu(p)2 = No(A)Wm(pe) + [H(A), Bu(p)] Q4
= Au(X p)Vum(p)

with the eigenvalues

AN ) = pig( ) =2 (i) and - pu(Xi ) = p(N)=D
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Classical r-matrix
Deformed Gaudin Model Gaudin Algebra
ABA

Spectrum and Bethe vectors of the mode

provided that the Bethe equations are imposed on the parameters
o=, My

N

) ) &
pm(pis p0) = ,_aza -,

a1 Hi i

=1 M.

geeey

2
:07
i — 1
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Classical r-matrix
Deformed Gaudin Model Gaudin Algebra
ABA

Spectrum and Bethe vectors of the mode

provided that the Bethe equations are imposed on the parameters
o=, My

pm(pis p@) = fz i=1,...,M.

a1 Hi — Za 175’

The Bethe vectors V() are eigenvectors of the Gaudin
Hamiltonians
HOW(p) = B (),

with the corresponding eigenvalues

N M
Lol 20
E(a) _ ath a
M ;Zafzb Z;Za*lh
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@ The Gaudin model based on the deformed sk r-matrix is studied.

@ The usual Gaudin realization of the model is introduced and the
B-operators B,(V’,‘)(m ,.-.,upm) are defined as non-homogeneous

polynomials of the operator X~ ().
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@ The Gaudin model based on the deformed sk r-matrix is studied.

@ The usual Gaudin realization of the model is introduced and the
B-operators B,(\f,‘)(m ,---,upm) are defined as non-homogeneous
polynomials of the operator X~ ().

@ These operators are symmetric functions of their arguments and
they satisfy certain recursive relations with explicit dependency
on the quasi-momenta 1, . .., uy-
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@ The Gaudin model based on the deformed sk r-matrix is studied.

@ The usual Gaudin realization of the model is introduced and the
B-operators B,(\f,‘)(m ,---,upm) are defined as non-homogeneous
polynomials of the operator X~ ().

@ These operators are symmetric functions of their arguments and
they satisfy certain recursive relations with explicit dependency
on the quasi-momenta p1, .. ., -

@ The creation operators By (1, - . ., uy) Which yield the Bethe

vectors form their proper subset.
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@ The Gaudin model based on the deformed sk r-matrix is studied.

@ The usual Gaudin realization of the model is introduced and the
B-operators B,(\f,‘)(m ,---,upm) are defined as non-homogeneous
polynomials of the operator X~ ().

@ These operators are symmetric functions of their arguments and
they satisfy certain recursive relations with explicit dependency
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@ The commutator of the creation operators with the generating
function of the Gaudin model under study is calculated explicitly.
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function of the Gaudin model under study is calculated explicitly.

@ Based on the previous result the spectrum of the system is
determined.
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@ The commutator of the creation operators with the generating
function of the Gaudin model under study is calculated explicitly.

@ Based on the previous result the spectrum of the system is
determined.

@ It turns out that the spectrum of the system and the
corresponding Bethe equations coincide with the ones of the
sh-invariant model!
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@ The commutator of the creation operators with the generating
function of the Gaudin model under study is calculated explicitly.

@ Based on the previous result the spectrum of the system is
determined.

@ It turns out that the spectrum of the system and the
corresponding Bethe equations coincide with the ones of the
sh-invariant model!

@ However, contrary to the sh-invariant case, the generating
function of integrals of motion and the corresponding Gaudin
Hamiltonians are not Hermitian.
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@ Based on the previous result the spectrum of the system is
determined.

@ It turns out that the spectrum of the system and the
corresponding Bethe equations coincide with the ones of the
sh-invariant model!
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function of integrals of motion and the corresponding Gaudin
Hamiltonians are not Hermitian.
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@ The explicit form of the generalized Bethe vectors associated to
the Jordan canonical form of the generating function ¢(\)
remains an open problem.
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@ The explicit form of the generalized Bethe vectors associated to
the Jordan canonical form of the generating function f(\)
remains an open problem.

@ The well known relation between the off-shell Bethe vectors of
the Gaudin models related to simple Lie algebras and the
solutions of Knizhnik-Zamolodchikov equation also holds for the
KZ equation related to the sk classical r-matrix with the
jordanian twist. However, in the present case the relation
between the Bethe vectors and the solutions of the
corresponding KZ is yet to be established.
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