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Superstrings and T-duality

Superstrings

@ Strings are object with one spatial dimension. During
motion string sweeps a two dimensional surface called
world sheet, parametrized by timelike parameter r and
spacelike one o € [0, 7]. There are open and closed
strings.

@ Demanding presence of fermions in theory, we obtain
superstring theory.

@ There are five consistent superstring theories.

@ Three approaches to superstring theory: NSR
(Neveu-Schwarz-Ramond) (world sheet supersymmetry),
GS (Green-Schwarz) (space-time supersymmetry) and
pure spinor formalism (N. Berkovits, hep-th/0001035).
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Superstrings and T-duality

Superstring theories

O Typel
@ Unoriented open and closed strings, N = 1 supersymmetry,
gauge symmetry group SO(32).
Q TypellA
@ Closed oriented and open strings, N = 2 supersymmetry,
nonchiral.
© Type B
@ Closed oriented and open strings, N = 2 supersymmetry,
chiral.
© Two heterotic theories

@ Closed oriented strings, N = 1 supersymmetry, symmetry
group either SO(32) or Eg x Eg.
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Superstrings and T-duality

T-duality

@ Changing of target space coordinates does not change the
physical content of the theory.
@ We perform Busher T-duality:
@ We notice that action has global shift symmetry along some
directions.
@ Gauging - introducing of gauge fields v4. and changing the
corresponding drivatives 04 — 9+ + V4 (04 = 7 £ 0).
@ On the equation of motion for v we obtain the dual action.
@ Neumann boundary conditions transform to Dirichlet ones
and vice versa (open strings).

@ Bosonic and fermionic T-duality.
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Model and boundary condition

Type |IB superstring theory

@ We use the action of type IIB superstring theory in pure spinor
formulation up to the quadratic terms (without ghost terms)

S = Ii/ d2§8+X“|_|+Hl,8_X”
>
5 = 1
i / a*¢ [—waa_(ea + WEXH) + 04 (0% + VX! + 5-maF R
>

@ Definitions: My, = By, + 3G, ve and \le‘ are NS-R fields and
F2f is R-R field streng_th. Momenta =, and 7, are canonically
conjugated to 6% and 6. All spinors are Majorana-Weyl ones.

@ All background fields are constant.
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Model and boundary condition

Hamiltonian

Hamiltonian is of the following form

HC:/dUHC, Hc:T—_T-i-; Ti:ti_Ti7

where
ty = 1G“”| | Iy, = m, + 26MN4 X" + o)
+ = :F4_/<J +ultv +pu = Ty Ril+pp Wal/}u @b‘uﬂ'a
1
T = (0°+ nglu)ﬂ'a — EﬂaFaﬁﬁ'lg
- - 1
T = (0 +Yox* )R + 4—H7TaFa57_rﬁ.
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Model and boundary condition

Derivation of boundary condition

@ As time translation generator Hamiltonian H, must have
well defined functional derivatives with respect to
coordinates (x*,6%,#) and their canonically conjugated
momenta (7, Ta, Ta)

He = 0HE) — [ O8x# + 7,60 + 55“7?4 ¢

@ The first term is so called regular term. It does not contain
7 and o derivatives of coordinates and momenta variations.

@ The second term has to be zero and we obtain boundary
conditions. There are various choices of boundary
conditions.
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Model and boundary condition

Boundary conditions as canonical constraints

@ Let A be a constraint. Then consistency of constraint demands
that it is preserved in time
d/\(nfl)
A = :{HC,/\(nﬂ)}zo. (n=1,2,...)
dr
@ In all cases we will consider here, this is an infinite set of
constraints. Using Taylor expansion we can rewrite this set of
constraints in compact o-dependent form

No) = Z U—n/\(n)(a' =0), 7\(0) = Z MA(”)(U =).

! n!
n=0 n=0
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Bosonic T-duality

Busher bosonic T-duality

@ Global shift symmetry exists x# — x* + a.

@ We introduce gauge fields v/ and make change in the
action 9Lx* — d9xH + vi.

@ Additional term in the action

1
Sgauge(Y,V+) = En/zdzﬁyu(&rv‘j — 5_Vi),

where y,, is Lagrange multiplier.

@ After fixing x* to zero, on the equation of motion for v/ we
obtain dual action. The dual fields will be denoted as initial
ones with one additional x - *GH¥, *BH, *yha *yha gnd
*Ff, The target space of the dual theory is spanned by
Y-
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Bosonic T-duality

Boundary conditions

@ For coordinates x* we choose Neumann boundary
conditions.

@ In order to preserve N = 1 SUSY from initial N = 2, for
fermionic coordinates we choose

- s T
(0% —0%) o =0 = (7Ta—7_ra)|0 =0.

@ o-dependent form of boundary conditions are the second
class constraints. Instead Dirac brackets we will solve
them.
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Bosonic T-duality

Solution of boundary conditions

@ Solving boundary conditions, we get
po

g © g _
XN(U) :q”_Z@MV/ doip, + T/ dal(pa—l—pa),
0 0

af o

a o) _
0*(0) = na_@ua/ dUlp“—— dal(pg—l-pﬁ),
0 4 Jo

af o

, o [° © =
0%(0) = i7" —or / doip, — dal(pg + pﬁ),
0 4 Jo

1, . 1
= = Q9. 7= =
n 2(9+9),n 3

Pa = 7o+ QTa, 5QEQ7Ta+7_7'a-

Q0% + 6%,
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Bosonic T-duality

Noncommutativity

@ Using the solution, we have
{x*(0),x"(3)} = 20" A(0 +7),
{x*(0),0%(5)} = —0"*A(0 +7),

(0°(0), 39(5)) = %@aﬁA(a +5).
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Bosonic T-duality

Relation between T-duality and noncommutativity

@ Up to the constants, noncommutativity parameters are Q2
odd (2 : 0 — o) combinations of T-dual background fields
1 1 - 1
p . AR PO T (xR | xR af _ — xpap
S) EB,@ 2H(\IJ +FUEY) 0 ZEFS'
@ Noncommutativity parameters are N = 1 supermultiplet.
Initial theory on the solution of boundary conditions
(effective theory) has background fields which are also
N = 1 supermultiplet. These two N = 1 supermultiplets are
background fields of T-dual theory (N = 2 supermultiplet).
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Fermionic T-duality

Basic facts

@ In last years it was seen that tree level superstring theories
on certain supersymmetric backgrounds admit a symmetry
which is called fermionic T-duality.

@ This is a redefinition of the fermionic worldsheet fields
similar to the redefinition we perform on bosonic variables
when we do an ordinary T-duality.

@ Technically, the procedure is the same as in the bosonic
case up to the fact that dualization will be done along 6
and 6 directions.
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Fermionic T-duality

Fermionic T-dual fields

@ Applying the same procedure we obtain

"Gy = Gy + 2 [(\TJF_lw)W + (\TJF—luJ)W} ,

"B = B + [(\J—JF_l\U)W _ (\TJF‘l\U)W] ,
W, =4F W), *V,,=-4VF1,,,
*Fop = 16(F 1)us.

@ Two successive dualizations give the initial background
fields as in the case of bosonic T-duality.
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Fermionic T-duality

Choice of boundary conditions

@ Reminder-boundary term:
[7&0)5# + T, 00" + 59’“%} 5 =0.

@ Now we choose Dirichlet boundary conditions for all
coordinates

X7 =0, 6°7=0, 4 =0.

@ o-dependent boundary conditions are second class
constraints.
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Fermionic T-duality

Solution of boundary conditions

@ The solution for coordinates is trivial, while for momenta we have

x*(o) =0"(0), 7 = P — 25 *B#l,c"]'” + g (*\T’aug.;a + 0 Wou)
0°(0) = 03(0), o= Po— 50 *Foat 5 “Vupd"

Y Py _ ~ K * K « ~

ea(a) = 2(0)7 To = Pa — g Faﬁeéﬂ - E WozuqlM

@ Coordinates are commutative.
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Fermionic T-duality

Momenta noncommutativity

{PM(U)v PV(5)} = euuA(0'+5') ) {PH(U)7 Pa(a')} = éMaA(O'—i-a') ,
{Pu(0),Pua(3)} = Ouul(0+5),{Pa(0),Ps(5)} = OusA(c+5),

{Pa(0),P3(5)} = {Pa(0),Ps(5)} =0,
@ Here we have
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Concluding remarks

Concluding remarks

We considered relation between noncommutativity and
T-duality in type 1IB superstring theory.

Boundary conditions are treated as canonical constraints.
Applying canonical approach we solve boundary conditions
and express initial variables in terms of the effective ones.
If we choose Neumann boundary conditions for x# and

N = 1 supersymmetric conditions for fermionic variables,
we show that coordinate noncommutativity parameters are
(up to some constants) bosonic T-dual fields. Momenta are
commutative.

If we choose Dirichlet boundary conditions for all variables,
we obtain momenta noncommutativity with fermionic T-dual
fields as noncommutativity parameters.

Bojan Nikolic Noncommutativity in type IIB superstring theory and T-duality



	Superstrings and T-duality
	Model and boundary condition
	Bosonic T-duality
	Fermionic T-duality
	Concluding remarks

