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Summary. -— Poincaré gauge approach to the theory of gravitation is
formulated. It has a very close resemblance to the usual procedure for
gauging internal symmetries. By using Dirac’s systematic method for
systems with constraints, Einstein-Cartan form of Poincaré gauge theory
is put into Hamiltonian form, by means of a time gauge and by treat-
ing tetrad and connection coeflicients as independent variables.
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The problem of the existence of a gravitational singularity in Poincaré gauge theory is studied. It is found that, under
certain conditions, a singularity can be avoided in the case of homogeneous and isotropic space.
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The problem of the existence of a gravitational singularity in Poincaré gauge theory is studied. It is found that, under
certain conditions, a singularity can be avoided in the case of homogeneous and isotropic space.
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One of the reasons for studying quantum gravity
is the hope that it might resolve the problem of the
spacetime singularities of classical general relativity
(GR) [1]. However, there exists no satisfying formu-
lation of quantum gravity today. Another possible
resolution of the problem might be in the change of
the classical theory itself. An indication of the direc-
tion in which GR could be changed lies in the attrac-
tive idea of unification of all interactions, based on a
gauge principle. Following this line of thought, we
present here the investigation of the problem of
spacetime singularities in Poincaré gauge theory of
gravity, whose structure is, by now, pretty well un-
derstood [2—4].
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The most general gravitational action, which can
be obtained by gauging the Poincaré group, is of the
form

A= f déx b(L,, +£2,), (1)

where £ and £, are matter and gravitational
lagrangian densities, respectively, and b is the deter-

minant of the inverse tetrad coefficients. Demanding
that the gravitational lagrangian density be at most

quadratic in gauge field strengths and invariant under
space reflection, one obtains [3]

L, =aF + L1+ Ly, (2)

where £+ contains three terms quadratic in the irre-
ducible components of the translation field strength-
torsion T,

‘eT = u‘iikti ik + &’:”‘ * 7":”"

£L,: contains six terms (only five of them being inde-
pendent, due to the Bach—Lanzosh identity [3]) qua-
dratic in the irreducible components of the Lorentz

field strength-curvature Fi; ;,

Gravity: New: Ideds Tor Unselved problems

Dragan S, Fopovic



acetime singulariti 1ssical 1 |
(GR) | 1]. Howey hel ! 1itisiyin
lation of quantum gravi day. Al { |
1 L1 e problen ] LN

th 1ssical theory 1tself. An | h

l n which GR Id | r [

1 dea of unificati 1 interaction

I\ nciple. Foll N 1o

! nt here I 104 1 I

1 Ingulariti o , 1ge t}
ravit 08¢ St Ire i t -
J d | 4.
| he most general gravita al actie hi ,
1 "\'."-”“‘7 ' by gauging the Foincar€ group, | BF =alAiiklAiikl+a28ifk’8'.}kl+a3cf/kldjk’
+"4Eii£il"'asliiﬂ+‘6F2’
1 = | d « )

F'is the linear invariant formed from Fy;,;andais a
constant. The existence of nine constants makes this
| theory rather complicated. In what follows, we first
granglan densitics, respectively, ai | investigate the question of the existence of repulsive
gravitational forces, which could be important when

discussing the equation of state [S]. Then we study
the problem of gravitational singularity within homo-
geneous and isotropic space. The limitations on the
values of the constants, stemming from the particle
content of the theory, will be used.

Gravity: New: Ideds Tor Unselved problems Dragan S, Fopovic



I Repulsive gravitational forces:l In order to study
the particle content of this theory of gravity, we use
the weak field approximation of the field equations
based on (1) and (2). Beside the massless graviton,
there exist six irreducible components of torsion
(tordions) with J” = 2%, 1%, 0%, obeying equations
of the Klein—Gordon type. We consider here a
choice of constants such that all tordions are massive
and a = —1/167G (G is Newton’s gravitational con-
stant) [3].

The exchange of massless gravitons of spin 2 gen-
erates an attractive force between two static objects.
The same thing happens in the case of any even-spin
particle exchange, whereas odd-spin particle ex-
change produces a repulsive force [6]. This conclu-
sion depends on the structure of source current. It is
interesting to find out whether Poincaré gauge theory
of gravity, based on the Lagrangian density (2) and a
spin one-half matter field, can produce a repulsive
force between static objects by the exchange of
JP = 1*, 1 tordions. This might give us some indi-
rect insight into the singularity behaviour of the
theory.

The Klein—Gordon type equations of motion for
the vector V; (J” = 1-) and the axial vector 4;
(JP =1%) tordlons following from action (1), are
g_ven in ref. [3]. One can show that the solution for
Vi, in static approximation, vanishes outside the
source position, and that the solution for A, is of the
form

~

AO - 0,
o~ 15, — (s- 9/mR)d,) r—texp(—m 4r)
(@=1,2,3), (3)

where s is the spin of the source and m , is the mass
parameter. The repulsive force between macroscopic
objects with average spin zero is absent. The existence
or nonexistence of repulsive forces is spin dependent
and a weak field effect. It might have an influence on
the singularity behaviour of the theory via the form
of the equation of state [5].

a0
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| Homogeneous and isotropic spacﬂ We now turn
our attention to the investigation of spacetime singu-
larities in the case of homogeneous and isotropic
space with metric

ds2 = dt2 — R%(r)

X [(1 = kr2)~1dr? + r¥(d6? + sin20 dy?)] (4)
and torsion
Tl 0= T2 = T3 = T() ()

the other components being zero [7,8]. We also as-
sume that the spin tensor of the matter field is zero,
which seems to be a quite realistic assumption for
describing macroscopic matter. By combining gravi-
tational field equations, one obtains the generalized

Friedmann cosmological equation [7] for scaling fac-
tor R(1),

6k(b + 3fF)? + 6[R(b + 3fF) + 3/FR] 2
+ [pR2 + LfF2R2 + 98(k + R2)| (b + 3fF) =0, (6)
F=(p—3p)/2b + (98/b)k + R + RR)/R2, (7)

where p denotes the pressure, p is energy density of
matter, dot denotes time derivative, b =a — %B and

4f = a5 + 12a4. As a consequence of the symmetry
requirements (4) and (5), there are only two constants
in the general action (2) that survive: f and .

« |9

Since for f= 0, eq. (6) simplifies to the singular GR
cosmological equation, we will assume hereafter that
F#0.1f g # 0, than there is only one propagating
tordion with J” = 0*. The condition of positive-defi-
nite energy and positive mass squared then leads to
/>0 (eq. (4.6) in the fourth reference in ref. [3]).

If # = 0 none of tordions propagate and the sign of f
is arbitrary.

The conservation law

p+3(R/R)p +p) =0, (8)

which is a consequence of the gravitational field
equations, and the equation of state p = ¢(p), in con-
junction with the generalized Friedmann equation
(6), determine the scaling factor R(r). We will try to
find out whether there are solutions R(7) which are
regular at the point ¢ = 0, where GR gives singular be-
haviour for any k = +1, 0, —1 {9] ; more precisely,
we will try to see whether R(t) can have a minimum
at t = 0, with a large-scale behaviour similar to the
standard one in GR.
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Let us consider separately two cases: § =0 and
g #0.

(a) B = 0, feither positive or negative. In this case
the cosmological equation (6) takes the simpler form

6k(a + 3/F)? + 6[R(a + 5/F) + 3/FR]
+(p+3/F2)a + 3fF)R2 =0, 9)

with F = (p — 3p)/2a. Using the arguments of ref. [7]
one can show that for fF > 0 there is an upper limit
for the energy density p, defined by the equation

a+ifF<o0.

Due to the conservation law (8), there is a corre-
sponding lower limit of R(r). It is related to the min-
imum of the curve R(7) at the point 7 = 0, where GR
shows singular behaviour [9]. If f> 0, then fF >0
reduces to F >0, i.e.p > ip. Such a condition can

in principle be realized by taking into account repul-
sion between nucleons at very small distances [6].
Besides nuclear forces, repulsion could be produced
also by gravitation itself, as discussed above. Al-
though possible in principle, an equation of state con-
sistent with p > 3p is related to such high matter den-
sities, that its reality is far from being established.

PR [

The statement about the existence of nonsingular
solution for R(#) in this case should be understood

in the light of this remark. If, on the other hand, we
consider the case /<0, then a singularity can be
avoided by systems for which p < 5p [7]. Although
there are no propagating tordions, the theory is essen-
tially different from GR.

For p = 4p (radiation) eq. (9) reduces to the stan-
dard GR form.

(b) g # 0, f positive. To find out the relevant prop-
erties of R(¢) is now much more difficult than in the
previous case.

In some neighbourhood of a regular point 7, the
solution of eq. (6) can be represented in the following
form

R(t) = kg()) Ry (t - T, (10)

with R, = R;(T). Expecting to have a minimum for
7= 0, we will put R(7 = 0) = 0. Using the invariance
of eq. (6) under time reversal, we also put
Ry,41(T'=0)=0,n =1, 2, ... This condition, how-
ever, does not guarantce that we are really investi-

gating the point 7 = 0, it is related to all extremal
points, with respect to which the solution is (locally)
symmetric. To isolate the point 7 =0 from the other
symmetric extremal points we will use the fact that
extrema which reproduce the GR condition for a
maximum (with & = +1) in the limit f, § = 0, are not
related to the point T=0.
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We will consider separately two interesting cases
of dusty matter (p = 0) and radiation (p = 3p).

(i) p = 0. Using the conservation law pR3 =D =
const. [9] and the expansion (10) with R, ,, =0in
eq. (6), we obtain a set of recurrence relations for
R,,. The first of these relations takes the form

(b +3fFo)[6k(b + 3fFg) + D/Rq + 3/FGRG + 9Bk]
=0, (11)
where F, is the zeroth order term in expansion of F,
eq. (7), in powers of (¢ — T). When f— 0, the equality
to zero of the expression in square brackets gives the
GR condition for an extremum. The interpretation
that this extremum is a maximum is consistent with

the other recurrence relations. Taking the relation be-
tween R, and R, to be the same as in GR,

4Ry R, + k=0, (12)

one obtains an equation for R, and k which is practi-
cally the same as in GR if

(k/a)(1 — fk/b) < 1. (13)

A=

The vanishing of the first factor in eq. (11) results in
the condition

bR} + 3fID/2bRy+ (9B/bN2R R, + k)] =0.  (14)

By detailed inspection of this equation, which is of
third order in Ry, one can see that it has positive solu-
tions for Ry, with Ry > 0, if a certain relation among
£, B, D and k is satisfied. This means that there exists
a minimum R > 0 of R(z) at the point # = 0, which
is absent if f, § = 0. By comparing the solution with
the physical observations, one should find out whether
this minimum is physically acceptable.

(ii)p= %p. The conservation law in this case is of
the form pR% = D = const. [9].

The first recurrence relation for the coefficients
R,,, is given by

(b + 3/Fo)6k(b + 3fFy) + D'/Ry + 3F3RE + 9pK)
=0. (15)
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Vanishing of the expression in square brackets gives
an equation which, in the limit f, § = 0, reproduces
] the GR condition for a maximum (with k = +1). If Rof
one demands the relation among R, R, and k to be
the same as in GR,

2R0.R2 +k=0, (16)

one finds that the GR condition for a maximum is |
exactly reproduced, irrespective of the values of f and
. The vanishing of the first factor in eq. (15) gives

bRE + (6/B/bX2R R, + k) = 0. an

This quadratic equation has a positive solution for R,
| with Ry > 0, if £, B and k satisfy a certain relation.
This again means the existence of a minimum of R(7)
att=0.

In all the cases considered, it may happen that
there is more then one solution for R,. Then, match-
ing with given initial conditions will decide which
solution will be realized in a given case.

~

fr *
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| Conclusion.l Starting with the most general gravi-
tational lagrangian density in Poincaré gauge theory
(which is at most quadratic in gauge field strengths
and invariant under space reflection) we investigated
the problem of the existence of space time singulari-
ties in the case of homogeneous and isotropic space.
In the special case of the Einstein—Cartan theory
(with a lagrangian which is linear in the scalar curva-
ture F) this problem has been studied in ref. [10].

scaling function R(¢) at 1 = 0if (i) > 0 and p > 3p,
or (i) f < 0 and p < 3p. The equation of state, cor-
responding to the first case, is possible in principle
but far from being really established. The second
case is related to the more usual systems.

In the general case § # 0, corresponding to the
existence of one scalar propagating tordion, we in-
vestigated local properties of R(r) near r = 0, for
dusty matter (p = 0) and radiation (p = %p). Itis

found, in both cases, that a minimum of R(f)at =0
exists if the constants in the theory (f, 8, D or D', k)
satisfy a certain relation. It is possible, at the same
time, to have large-scale behaviour of R(r) closely re-
sembling the standard GR case. The complete physical
significance of the solutions of this type can be un-
derstood after carefull comparison with the corre-
sponding observational data.

Their description of spinning matter is, however, not
compatible with the cosmological principle [8]. Fur-
thermore, the general theory considered here does
not reduce to GR if we assume that the spin tensor
of the matter field is zero (reflecting the fact that the
average spin of macroscopic objects is zero), as is the
case in the Einstein—Cartan theory [2].

When 8 = 0, i.e. there are no propagating tordions,
we found that there exists a minimum of the metric
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