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V. Radovanović with M. Dimitrijević, B. Nikolić and J. WessWess-Zumino model on nonanticommutative superspaces



Introduction
Undeformed Wess Zumino model

D-deformed WZ model
D-deformed WZ model: renormalizability

Hermitian deformation of WZ model
Conclusion

Introduction

Quantum field theory encounters problems at high energy/small
distances.
Some modifications are needed. One possibility is
noncommutativity among space time coordinates. It is given by

[xµ, xν ] = iθµν(x) .

Canonical noncommutativity

[xµ, xν ] = iθµν = const.

Different modes are constructed on canonical NC space time:
φ4,QED, standard model;
renormalizability, unitarity,. . .
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Introduction

We want to combine supersymmetry with noncommutativity.
• N.Seiberg, JHEP 0306010(2003)

{θα ?, θβ} = Cαβ, {θ̄α̇ ?, θ̄β̇} = {θα ?, θ̄α̇} = 0 , (1)

[xµ ?, xν ] = [xµ ?, θ] = [xµ ?, θ̄] = 0 (2)

Deformation of Wess-Zumino model, super YM were analyzed.
The product of chiral fields is chiral field. Half SUSY is broken; we
get N = 1/2 SUSY.
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Undeformed Wess Zumino model

The undeformed superspace is generated by x , θ and θ̄ coordinates
which fulfill

[xm, xn] = [xm, θα] = [xm, θ̄α̇] = 0,

{θα, θβ} = {θ̄α̇, θ̄β̇} = {θα, θ̄α̇} = 0, (3)

Every function of the supercoordinates can be expanded in power
series in θ and θ̄. For a general superfield F (x , θ, θ̄) the expansion
in θ and θ̄ reads

F (x , θ, θ̄) = f (x) + θφ(x) + θ̄χ̄(x) + θθm(x) + θ̄θ̄n(x) + θσmθ̄vm

+θθθ̄λ̄(x) + θ̄θ̄θϕ(x) + θθθ̄θ̄d(x). (4)
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Undeformed Wess Zumino model

Under the infinitesimal SUSY transformations a general superfield
transforms as

δξF =
(
ξQ + ξ̄Q̄

)
F , (5)

where ξ and ξ̄ are constant anticommuting parameters and Q and
Q̄ are SUSY generators

Qα = ∂α − iσmαα̇θ̄
α̇∂m, (6)

Q̄ α̇ = ∂̄α̇ − iθασm
αβ̇
εβ̇α̇∂m. (7)
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Undeformed Wess Zumino model

The transformation law of the product is given by

δξ(F · G ) =
(
ξQ + ξ̄Q̄

)
(F · G ),

= (δξF ) · G + F · (δξG ). (8)

The first line tells us that the product of two superfields is a
superfield again. The second line is the usual Leibniz rule.
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Undeformed Wess Zumino model

A chiral field Φ fulfills D̄α̇Φ = 0, where D̄α̇ = −∂̄α̇ − iθασmαα̇∂m is
the supercovariant derivative. In terms of component fields the
chiral superfield Φ is given by

Φ(x , θ, θ̄) = A(x) +
√

2θαψα(x) + θθH(x) + iθσl θ̄(∂lA(x))

− i√
2
θθ(∂mψ

α(x))σmαα̇θ̄
α̇ +

1

4
θθθ̄θ̄(�A(x)). (9)
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Undeformed Wess Zumino model

In the undeformed theory, Wess-Zumino Lagrangian is given by

L = Φ+ · Φ
∣∣∣
θθθ̄θ̄

+
(m

2
Φ · Φ

∣∣∣
θθ

+
λ

3
Φ · Φ · Φ

∣∣∣
θθ

+ c.c.
)
, (10)

where m and λ are real constants.

L = A∗�A + i(∂mψ̄)σ̄mψ + H∗H

+
m

2

(
2AH − ψψ + 2A∗H∗ − ψ̄ψ̄

)
+λ
(
HA2 − Aψψ + H∗(A∗)2 − A∗ψ̄ψ̄

)
(11)

V. Radovanović with M. Dimitrijević, B. Nikolić and J. WessWess-Zumino model on nonanticommutative superspaces



Introduction
Undeformed Wess Zumino model

D-deformed WZ model
D-deformed WZ model: renormalizability

Hermitian deformation of WZ model
Conclusion

D-deformed WZ model

We introduce a deformation of the Hopf algebra of infinitesimal
SUSY transformations by choosing the twist F in the following way

F = e
1
2
CαβDα⊗Dβ , (12)

with the complex constant matrix Cαβ = Cβα ∈ C. The inverse of
the twist (12),

F−1 = e−
1
2
CαβDα⊗Dβ , (13)

defines the ?-product.
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D-deformed WZ model

For arbitrary superfields F and G the ?-product reads

F ? G = µ?{F ⊗ G}
= µ{F−1 F ⊗ G}

= F · G − 1

2
(−1)|F |Cαβ(DαF ) · (DβG )

−1

8
CαβCγδ(DαDγF ) · (DβDδG ), (14)

where |F | = 1 if F is odd (fermionic) and |F | = 0 if F is even
(bosonic).
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D-deformed WZ model

The ?-product is associative, not Hermitian,
The ?-product leads to

{θα ?, θβ} = Cαβ, {θ̄α̇ ?, θ̄β̇} = {θα ?, θ̄α̇} = 0,

[xm ?, xn] = −Cαβ(σmnε)αβ θ̄θ̄,

[xm ?, θα] = −iCαβσm
ββ̇
θ̄β̇, [xm ?, θ̄α̇] = 0. (15)
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D-deformed WZ model

The deformed infinitesimal SUSY transformation is defined in the
following way

δ?ξF =
(
ξQ + ξ̄Q̄

)
F . (16)

Since the coproduct is not deformed, the Leibniz rule is
undeformed. The ?-product of two superfields is again a superfield;
its transformation law is given by

δ?ξ (F ? G ) =
(
ξQ + ξ̄Q̄

)
(F ? G )

= (δ?ξF ) ? G + F ? (δ?ξG ). (17)
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D-deformed WZ model

The ?-product of two chiral fields reads

Φ ? Φ = Φ · Φ− 1

8
CαβCγδDαDγΦDβDδΦ (18)

The (anti)chiral and transversal irreducible components of Φ ? Φ
are obtained by (anti)chiral and transversal projectors

P1 =
1

16

D2D̄2

�
, (19)

P2 =
1

16

D̄2D2

�
, (20)

PT = −1

8

DD̄2D

�
. (21)
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D-deformed WZ model

Thus, we propose the following action

S =

∫
d4x

{
Φ+ ? Φ

∣∣∣
θθθ̄θ̄

+
[m

2

(
P2(Φ ? Φ)

∣∣∣
θθ

+ 2a1P1(Φ ? Φ)
∣∣∣
θ̄θ̄

)
+
λ

3

(
P2(P2(Φ ? Φ) ? Φ)

∣∣∣
θθ

+ 3a2P1(P2(Φ ? Φ) ? Φ)
∣∣∣
θ̄θ̄

+2a3(P1(Φ ? Φ) ? Φ)
∣∣∣
θθθ̄θ̄

+ 3a4P1(Φ ? Φ) ? Φ+
∣∣∣
θ̄θ̄

+3a5C̄
2P2(Φ ? Φ) ? Φ+

∣∣∣
θθθ̄θ̄

)
+ c.c.

]}
. (22)

Coefficients a1, . . . , a5 are real and constant.
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D-deformed WZ model: renormalizability

We calculate the one-loop divergent part of the effective action up
to second order in the deformation parameter. We use the
background field method, dimensional regularization and the
supergraph technique. Note that the use of the supergraph
technique significantly simplifies calculations. The kinetic and
interaction parts take the form

S0 =

∫
d8z

{
Φ+Φ+

[
−m

8
Φ
D2

�
Φ+

ma1C
2

8
(D2Φ)Φ+c .c .

]}
, (23)

Sint = λ

∫
d8z

{
− Φ2 D2

12�
Φ +

a2C
2

8
ΦΦ(D2Φ)

−a3C
2

48
(D2Φ)(D2Φ)Φ +

a4C
2

8
Φ(D2Φ)Φ+

+a5C̄
2ΦΦΦ+ + c .c .

}
, (24)

V. Radovanović with M. Dimitrijević, B. Nikolić and J. WessWess-Zumino model on nonanticommutative superspaces



Introduction
Undeformed Wess Zumino model

D-deformed WZ model
D-deformed WZ model: renormalizability

Hermitian deformation of WZ model
Conclusion

D-deformed WZ model: renormalizability

Following the idea of the background field method, we split the
chiral and antichiral superfields into their classical and quantum
parts

Φ→ Φ + Φq, Φ+ → Φ+ + Φ+
q (25)

and integrate over the quantum superfields in the path integral.
Since Φq and Φ+

q are chiral and antichiral fields, they are
constrained by

D̄α̇Φq = DαΦ+
q = 0.

One can introduce unconstrained superfields Σ and Σ+ such that

Φq = −1

4
D̄2Σ ,

Φ+
q = −1

4
D2Σ+ . (26)
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D-deformed WZ model: renormalizability

From (26) we see that the unconstrained superfields are
determined up to a gauge transformation

Σ → Σ + D̄α̇Λ̄α̇ ,

Σ+ → Σ+ + DαΛα , (27)

with the gauge parameter Λ.
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D-deformed WZ model: renormalizability

The quadratic part of the classical gauge fixed action in quantum
superfields is

S (2) =
1

2

∫
d8z

(
Σ Σ+

) (
M+ V

)( Σ
Σ+

)
(28)

Matrix M is given by

M =

(
−m�1/2(1− a1C

2�)P− �(P2 + ξ(P1 + PT ))

�(P1 + ξ(P2 + PT )) −m�1/2(1− a1C̄
2�)P+

)
.

(29)
Matrix V has the form

V =

(
F G
Ḡ F̄

)
, (30)
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D-deformed WZ model: renormalizability

The one-loop effective action is

Γ = S0 + Sint +
i

2
Tr log(1 +M−1V) . (31)

Expansion of the logarithm in (31) gives the one-loop correction to
the effective action

Γ1 =
i

2
Tr

∞∑
n=1

(−1)n+1

n
(M−1V)n =

∞∑
n=1

Γ
(n)
1 . (32)
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D-deformed WZ model: renormalizability

Result:

Γ
(2)
1 =

λ2(1− (2a1 + a4
2 + 2a5

m )m2(C 2 + C̄ 2))

4π2ε

∫
d8z Φ+Φ

+
λ2(m2a3 −ma4 − a5)

16π2ε

∫
d8z

[
C 2ΦD2Φ + c .c .

]
.(33)

Γ
(3)
1 = −λ

3(ma1 + ma4 + 2a5)

2π2ε

∫
d8z

[
C̄ 2ΦΦΦ+ + c .c .

]
+
λ3(2ma3 − a4)

8π2ε

∫
d8z

[
C 2ΦΦ+D2Φ + c .c .

]
. (34)
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D-deformed WZ model: renormalizability

From (34) we see that the a3-term generates divergences of the
type ∫

d8z
[
C 2Φ(z)Φ+(z)D2Φ(z) + c .c .

]
while the a1-term and the a4-term generate divergence of the type∫

d8z
[
C̄ 2Φ(z)Φ(z)Φ+(z) + c .c .

]
.

Γ
(4)
1 =

λ4

8π2ε

∫
d8z

[
C̄ 2Φ(z)Φ(z)Φ+(z)

(
a3D̄

2Φ+(z)− 2a4Φ(z)
)

+ c .c .
]
.

(35)
This term does not appear in the classical action. Now we see that
if a3 = a4 = 0 all divergences are the same form as in classical
action (necessary condition). We have to absorb all divergences by
redefinition of superfield and coupling constants.
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D-deformed WZ model: renormalizability

The bare action is given by

SB = S0 + Sint − Γ
(2)
1

∣∣∣∣
dp

− Γ
(3)
1

∣∣∣∣
dp

. (36)

The two-point Green function in (36) gives the renormalization of
the superfield Φ

Φ0 =
√
ZΦ , (37)

where

Z = 1− λ2

4π2ε

[
1− 2m(C 2 + C̄ 2)(ma1 + a5)

]
(38)

and
m = Zm0 (39)

since δm = 0. In addition to the field redefinition we obtain the
redefinition of the coupling constant
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D-deformed WZ model: renormalizability

a10C
2
0 = a1C

2
[
1 +

λ2a5

2π2εa1m

]
. (40)

From the three-point Green function in (36) we obtain the
following conditions

λ = Z 3/2λ0 , (41)

a50C̄
2
0 = a5C̄

2
[
1 +

λ2(ma1 + 2a5)

2π2εa5

]
. (42)

Taking these results into account we see that indeed for
a3 = a4 = 0 our model is renormalizable. The case a5 = −1

2ma1 is
interesting. With this choice the divergent part of the three-point
function vanishes. This means that there are no divergent
counterterms for the coupling constants, i.e. all redefinitions are
expressed in terms of the field strength renormalization

m = Zm0,

λ = Z 3/2λ0,

a10C
2
0 = a1C

2Z . (43)

These results resemble those which are valid for the undeformed
Wess-Zumino model.
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Hermitian deformation of WZ model

We define the twist

F = e
1
2
Cαβ∂α⊗∂β+ 1

2
C̄α̇β̇ ∂̄

α̇⊗∂̄β̇ . (44)

This twist leads to a deformed Leibniz rule. This ensures that the
?-product of two superfields is again a superfield. Its
transformation law is given by

δ?ξ (F ?G) =
(
ξQ + ξ̄Q̄

)
(F ?G), (45)

= (δ?ξF) ?G + F ? (δ?ξG)

+
i

2
Cαβ

(
ξ̄γ̇σmαγ̇(∂mF) ? (∂βG) + (∂αF) ? ξ̄γ̇σmβγ̇(∂mG)

)
(46)

− i

2
C̄α̇β̇

(
ξασmαγ̇ε

γ̇α̇(∂mF) ? (∂̄β̇G) + (∂̄α̇F) ? ξασmαγ̇ε
γ̇β̇(∂mG)

)
.
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Hermitian deformation of WZ model

This twist gives a new product in the algebra of superfields called
the ?-product. For two arbitrary superfields F and G the ?-product
is defined as follows

F ?G = µ?{F⊗G}
= µ{F−1 F⊗G}

= µ{e−
1
2
Cαβ∂α⊗∂β− 1

2
C̄α̇β̇ ∂̄

α̇⊗∂̄β̇F⊗G} (47)

This ? product is hermitian, associative and nonanticommutative.
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Hermitian deformation of WZ model

The ?-product leads to

{θα ?, θβ} = Cαβ, {θ̄α̇ ?, θ̄β̇} = C̄α̇β̇, {θα ?, θ̄α̇} = 0,

[xm ?, xn] = 0,

[xm ?, θα] = 0, [xm ?, θ̄α̇] = 0. (48)
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Hermitian deformation of WZ model

Deformed WZ action

S =

∫
d4x

{
Φ+ ? Φ

∣∣∣
θθθ̄θ̄

+
[m

2
P2

(
Φ ? Φ

)∣∣∣
θθ

+
λ

3
P2

(
Φ ? P2

(
Φ ? Φ

))∣∣∣
θθ

+ c.c
]}
. (49)
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Hermitian deformation of WZ model

The divergent part of the two-point function

Γ
(2)
1 = −m2λ2Km

aK
∗na

24π2ε

∫
d4x (∂mA∂nA + ∂mA

∗∂nA
∗)

−m2λ2KmnKmn

16π2ε

∫
d4x F 2 + cc +

λ2

4π2ε

∫
d8z Φ+Φ

−λ
2Km

aK
∗na

6π2ε

∫
d4x A∗

(
m2 +

�
6

)
∂m∂nA

+
iλ2Km

aK
∗n
b

24π2ε

∫
d4x ψ̄(σ̄b∂a − σ̄a∂b + iεabcd σ̄d∂c)∂m∂nψ

− iλ2Km
aK
∗na

12π2ε

∫
d4x ψ̄σ̄n∂m

(
m2 − �

6

)
ψ

+
iλ2Km

aK
∗na

72π2ε

∫
d4x ψ̄σ̄l∂l∂m∂nψ
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Hermitian deformation of WZ model

+
λ2Km

aK
∗na

72π2ε

∫
d4x F ∗∂m∂nF

+
m2λ2Km

aK
∗na

12π2ε

∫
d4xd4y ∂m∂nF (x)�−1

x δ(x − y)F ∗(y).(50)

Most of divergent terms do not have its counterparts in the
classical action. Two-point divergences cannot be absorbed by
counterterms.
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Conclusion

We consider two different deformations:
1. D-deformation
associative, non-Hermitian
Deformed WZ model is renormalizable at one loop and second
order in deformation parameter.
2. Hermitian deformation
associative, Hermitian
Deformed WZ model is NOT renormalizable.
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